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Abstract

In covariant field theories such as general
relativity the application of Noether's theorem results
in a set of identities which are satisfied regardless of
whether the field equations are satisfied or not (so-
called strong conservation laws). In the conventional
formulation these identities contain non-tensorial quanti-
ties and non-tensorial operations. Thus, for example,
the energy-momentum-pseudo-tensor of general relativity
is obtained from such formulations. In this paper the
identities arising from Noether's theorem are written
in an obviously covariant form containing only tensors and
covariant derivatives. As an example we give these iden-

tities for general relativity.

I. Introduction

1
Consider a field ¢A whose field equations may be derived from the

principle of stationary action. If £ is the Lagrangian density for the

field ¢A then the action I is defined by

r=] sedlyly, o, .1
) &
R(x")
where R(xz) is the integration region and wA r denotes the derivative of
b

with respect to xr. L can always be written in the form
A pe
L =gt 1.2)

where L is a scalar function. In order to introduce our notation we shall

consider the variation of I in detail.




Perform the variations

» B8, L =80, ) (1.3)
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where k is an infinitesimal parameter, uz(x) is an arbitrary vector field
and Va is an arbitrary tensor field. The variation g\bA is the Lie
differential of ¢A. The variation of the limits of integration is defined
by the third equation in (1.3). Under these variations the action becomes a
function of k, expanding about k = 0 and integrating by parts yields the

varied action 81

81 = '1[ [.s:AE\yA +<§-§A’r€“ + .s:sx‘),r ] dx =0, (1.4)
where
A - %A ; (giﬁ)ﬁ . (1.5)

For all the following analysis we specialize the variations to infinitesi-
. 2 . s
mal coordinate transformations. Following Bergmann the field variation

6\]JA can be written

= _ oBr s _ s
WA = FAs &x r wB ¢A,s dx . - (1.6)

Since -G-QIA is the Lie differential of a tensor the ordinary derivatives on
the right hand side of (1.6) can be replaced by covariant derivatives

(which will be denoted by a semicolon)

_ _Br, s ) s
‘S\JJA =F,. 8x - ﬂtB WA;séx . (1.7)



From (1.6) and (1.7) follows
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where Frsp is the Christoffel symbol constructed from the metric tensor

Bk ° Equation (1.8) holds for all tensors including gﬂk for which

= WA;r =0 . (1.9)

gzk;r

There are some results in this paper which are not valid for the 81
field because of (1.9). When a formula contains wA;r this formula may
not hold for the metric field By - When these cases arise they will
either be explicitly pointed out or obvious from the context. For varia-
tions which vanish on the boundary we can use Gauss's law and (1.4) to

deduce Lagrange's equations
2 =0 . (1.10)

In order to derive the identities implied by Noether's theorem, however,

we assume the field equations are not satisfied.



II, Conventional Formulation

In order to derive Noether's identities in the conventional for-

malism one uses (1.6) and (l1.4) and obtains
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(2.1)

If Gauss's law is used in (2.1) and variations which vanish on the boundary

are considered, one obtains the identities

Br A _
aramiy r sty =0

which are called the Bianchi identities by Bergmann.2

identities in (2.1) one obtains

Using the Bianchi

(2.2)

e[ G gy e )
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At any point st, 6xs,r and 6xs’r,£ are independent and their coefficients

must vanish separately. One must use the symmetry property

s _ .8
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before setting the coefficients of &x r.4
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equal to zero. Define
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s aWA VA - 68 £, (2.4a)

T =ty -4 F, Vg (2.4b)
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where t: will be called the canonical momentum complex, T: will be called the
momentum complex and bsrl will be called the spin complex. The term complex

means that these quantities are only tensor densities under linear transforma-
tions. For example in special relativity t: is called the canonical momentum

. . - r .
“"tensor" while in general relativity ts is the energy momentum pseudo-tensor.

In terms of these non-tensorial quantities, the varied action becomes

dx=0. (2.5)

The identities which follow are (Noether's theorem3)

(‘:AFi:“’B),r + b by o= 0 (2.5a)
T:’r =0 (2.5b)

Tt - bsm’z =0 (2.5¢)
bsr” + bS“ =0 (2.54)




I1I. Covariant Formulation

In this section we shall rewrite equations (2.5) so that only

tensors and tensorial operations (covariant differentiation) appear.
this we use (1.8) and write £ in terms of ¥ instead of
Asxr Axr
_Bp £

a 0' . .
I UNUNISIER TCH LN LNES ¢ T i) = £,

To do

(3.1)

Of course this substitution cannot be made for the gravitational field 8k

because 81 satisfies (1.9). The same type of relation as (1.2) connects

£ with L
(o4 C
= ,/-g Lc

The variation of the action associated with £c leads to

61=I[L‘23¢A+ CZ_:-;;IE¢A+Lc axr>;r]f-_gd4x=o
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Lagrange's equations are

One can easily prove the following relation

VCE Lﬁ = £A s

and, therefore, the two forms of Lagrange's equations are equivalent.

(1.7) in (3.3) one obtains

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

Using



61=j[- <(LAFBr\bB)’r+L ¥as >6x
R

oL

s C s
+ L FA tB X +a‘¥A F WB dx ir
3L
c =
"5, Vy,q 05° + L bx j)’z ] Jed=0. 3.7

P74

From (3.7) one derives the covariant Noether identities in the same way as the
non-covariant identities (2.5) were derived. Using Gauss's law and (3.7) we

can deduce the Bianchi identities

A Br
L. AS B> + 1A “'A =0 . (3.8)

Using the Bianchi identities in (3.7) one obtains

_ e r _ < L k :> T
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In (3.9) the coefficients of 6x', 6x*  and 1/2(6xr. Lt 6xr_ ., ) must
;1/ ,,@,k ’k,f/
vanish separately. This leads to the following set of identities
A Br
( q;B) + L wA ¢ = s (3.11a)
s 12kt g5 = o, (3.11b)

T rsp 4
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st - B'ik.k -0, (3.11c)
Bf_k + Blr"‘ =0 . (3.114)

where Rﬁsp is the Riemann tensor which enters by way of the Ricci identity

- 8% = - 8x"R 12
O i ™ O guge) T M R (3-12)
Lk
Sz, uz and sz are the tensors which replace Tz, tL and b of (2.5). The
T T T r r r
A

identities (3.11) along with the field equations LC = 0 represent a completely
covariant field theory. All the quantities appearing in (3.11) are tensors
and only covariant derivatives appear.

The existence of the completely covariant identities (3.8) is not
due to the fact that wA;r was used in the Lagrangian density instead of
wA,r , but to the way the terms were collected together in (3.9). Imn (3.9)
we have used covariant derivatives 6xr;z and éxr;z;k whereas in the con-

ventional formulation bxr 4 and 5x" 4.k were used. Even the theory of
3 b 3

gravitation for which

grs;z = wA;z =0

can be written in a completely covariant form.

The two sets of identities (2.5) and (3.11) must be equivalent
because they arise from the same variational principle. This equivalence
may be verified directly by writing out (3.11) in terms of ordinary quantities

and operations and noting that (2.5) follows.



IV. Covariant Formulation of General Relativity

In this section we write the identities corresponding to (3.8) for

the Lagrangian of general relativity. Writing this Lagrangian in the form

='J:E Lc = £c(gzklgﬂk,rlgzk,r,swANA;r) - cl"/—:g R+ £M (.1

4
where ¢y = 16nG ; ¢ is the speed of light and G is the Newtonian gravita-

tional constant. 1In (4.1) R is the usual Lagrangian for the gravitational
field 8k and £M =,/-g LM is the Lagrangian for the source fields WA. We
shall assume that second derivatives of the metric tensor occur only in R

since this is the case for all practical situations. Define

BLC

r r 2 r A Br
S =7 ¥,.. -8 L +—E - L ] (4.2a)
s awA;r A;s s ¢ ch cs As B
2g df o}
Bkr= _ ph - M + aLM Fz: wB (4.2b)
S e %pr Yagr
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where
dag af AL Y
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Bok. &k... A;r %k, ..
s d£c d£c
ES = - ) + ( ) , (4.4)
¢ g ders rs,p,qa7 ,q,p
and
r _ kr
ECs = 8 Ec . (4.5)

One now proceeds in exactly the same way as when deriving (3.11) and finds

the following identities for general relativity
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A i: > A's +< - El:s >'k =0 (4.6a)
s ’\/:g 3
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s, - B K 1/2 R g cP 1/2 Ring ©
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1/2 Rsnk Cp 1/2 R snk Cp
+1/6 5, ¢*™P 4+ 176 R cFPP = 0 (4.6c)
ponk s npk s ?
Bkr + Brk + thn. + Crkn =0, (4.6d)
s s ;0 in
Cknr + Ckrn + anr + Cnrk + Crnk + Crkn =0 . (4.6e)
) s s s s s
Equations (4.6) along with the field equations
£FS = o
[
Lﬁ =0 (4.7)

represents a completely covariant theory of gravitation. All quantities
appearing in (4.6) and (4.7) are tensors and all derivatives are covariant.
In order to reduce Bgrto the form (4.2b) one must use the following interes-

ting identity

s (4.8)
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in the expression

Bkr - -2 g (: c )
s Jg b Mgy, dng r,n ,n
dg ag dL
+ r‘zn - ¢ + = ¢ > + == F[‘i: ¥y (4.9)
P gpk,n,r pn gkp n,r ¢A 39

which appears in the varied action associated with (4.1).
We shall delay the interpretation of the various terms in (4.6)

until a later publicatiom.
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